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FOURIER-MUKAI TRANSFORMS AND BRIDGELAND STABILITY 
CONDITIONS ON ABELIAN THREEFOLDS 

ANTONY MACIOCIA & DULIP PIYARATNE 

Abstract. We use the ideas of Bayer, Bertram, Macri and Toda to construct a Bridgeland 

stability condition on a principally polarized abelian threefold {X, L) with NS{X) = Z[£] by 

- - - establishing their Bogomolov-Gieseker type inequality for certain tilt stable objects associ- 

C'i , ated to the pair {A^ i , Z^ ^ ) on X. This is done by proving the stronger result that 

^— s , ^^ , is preserved by a suitable Fourier-Mukai transform. 

"*^ ■ Introduction 

In |Bril| Bridgeland introduced the notion of stability conditions on triangulated categories 
and these now have many applications to the study of the geometry of the underlying spaces 
and highlight the role played by the derived categories of the suitable categories of sheaves 
on the spaces. The space of stability conditions is known precisely for curves and for abelian 
surfaces and Bridgeland's geometric stability conditions provide examples for all projective 

^ I surfaces (see, for example, |Bri2j . [MaElj . |ABj ) . A conjectural construction of Bridgeland 

j^ ■ stability conditions was introduced in |BMTj and the problem is reduced to proving an in- 

equality, which the authors call a Bogomolov-Gieseker (B-G for short) type inequality, holds 
for certain tilt stable objects. This inequality has been shown to hold for certain three di- 
mensional projective threefolds (see |BMTj . |MaE2j and |Tod| ) . However, there is no known 
^ I example of a stability condition on a projective Calabi-Yau threefold and this case is espe- 

C^^ ' cially significant because of the interest from Mathematical Physics and also in connection 

~^ . with Donaldson-Thomas invariants. In this paper, we establish the existence of a particu- 

^^ [ lar stability condition on a particular Calabi-Yau threefold (namely, a principally polarized 

abelian threefold with Picard rank one). However, it is likely that the method will generalize 

f^ i to other Calabi-Yau threefolds while the extension to other stability conditions for the abelian 

CO ' threefold case will be the subject of a forthcoming article. 

We reduce the requirement of the B-G type inequality to a smaller class of tilt stable objects 
as defined in the Definition 12.21 Moreover, they are essentially minimal objects (also called 

►v> ■ simple objects in the literature) of the heart of the stability condition. In this paper we use 

V^ , Fourier-Mukai theory to prove the B-G type inequality for these minimal objects by showing 

that the heart is preserved by a suitable Fourier-Mukai transform (or FMT for short). For the 
surface case, the fact that a countable family of (Bridgeland's) geometric stability conditions 
satisfy the numerical conditions for being a stability condition is actually equivalent to the 
existence of a Fourier-Mukai transform preserving the heart. The forward implication was 
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proved by Huybrechts ( |Huy2| ) and the reverse implication is a fairly straightforward exercise 
(partly done in |Yosj ) . For the threefold case, we build on these ideas to establish the reverse 
implication for our case. 

Throughout this paper our abelian varieties will be principally polarized abelian varieties 
with Picard rank 1 over C. Let {X, L) be an abelian variety of dimension three and let I 
be ci(L). We use L to canonically identify X with Pic°(X). Let $ : D^X) -^ D^X) 
be the (classical) FMT with the Poincare line bundle on X x X as the kernel. Then the 
image of the category Coh(X) under the FMT $ is a subcategory of D (X) with non-zero 
Coh(X)-cohomologies in 0, 1,2 and 3 positions. 

In [BMTj and [BBMT] , the authors construct their conjectural stability condition hearts as 
a tilt of a tilt. The first tilt of Coh(X) associated to the Harder-Narasimhan (or H-N for short) 
filtration with respect to the twisted slope fiuj,B stability is denoted B^j^b and the second Au),b 
associated to the H-N filtration with respect to the tilt slope Uuj,b stability. We shall consider 
the particular case where u = \/3£/2 and B = £/2. Let ^ := L^ and ^ := <I)L"^[1]. Then 
we prove the images of the abelian category B^ i under the Fourier-Mukai transforms \I' 

and ^ have non-zero B^ i -cohomologies only in positions 0, 1 and 2 (see Theorem 14. 20p . 

~2"*-'2'- 

On the other hand, we have the isomorphisms ( [Muk2] ) 

^olr^ (_l)*id^,^^^[_2], and ^o^^(-l)*id^b(x)[-2]. 
Therefore the abelian category B^ i behaves somewhat similarly to the category of coherent 

~2~ '2 

sheaves on an abelian surface under the Fourier-Mukai transform (see |BBR| . |MaA] . [Yos] for 
further details). For us, the key technical tool is to restrict our sheaves to certain families of 
curves and this provides us with the link to the geometry of the underlying space (see Lemma 
I4.12p . Now Theorem 14. 201 becomes the key technical tool to show that the second tilt A^ i 

is preserved by ^. 

Under this auto-equivalence, minimal objects are mapped to minimal objects and this 
provides us with an inequality which bounds the top component of the Chern character of 
the object. This is the main idea to show that the B-G type inequality is satisfied by our 
restricted class of minimal objects in A^ i . In section 5, we have to show that the B-G type 

"2" '^'2'^ 

inequality is satisfied by a very special class of minimal objects by showing that they actually 
do not exist. This result is of interest in its own right as it shows that if a bundle E of such 
a threefold satisfies ci{E) = = C2{E) then it cannot carry a non-flat Hermitian-Einstein 
connection. 

Ackno'wiedgements. The authors would like to thank Arend Bayer and Tom Bridgeland 
for very useful discussions. The second author is funded by PCDS and SORSAS scholarship 
programmes of the University of Edinburgh, and this work forms a part of his PhD thesis. 

NOTATION 
(i) For < z < dimX 

Coh^XX) := {E e Coh(X) : dimSupp(-E) < i}, 

{E € Coh(X) : for / F C -E, dimSupp(F) > i], and 
Coh^X^)nCoh^^(X). 



Coh^X^) 
Co\i\X) 
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(ii) For an interval / C M, HN^^^(/) := {E G Coh(X) : [^^Z,B(.^^^ ^tsi^)] ^ ^}- Similarly 

the subcategory HNJ^ ^{I) C B^^b is defined, 
(iii) For a FMT T and a heart 21 of a t-structure for which D^{X) ^ D^'Ql), T|^{E) := 

Hi{T{E)). 
(iv) For a sequence of integers ii, . . . , is, V^ {ii, ■ ■ ■ ^is) '■= {E G D^{X) : T-l^{E) = for j ^ 

{ii, . . .,is]}- Then E £ Coh(X) being T-WITj is equivalent to -E G V'(J^h(x)(^)- 
(v) Let {X, L) be a principally polarized abelian variety. Then $ be the FMT from X to X 

with the Poincare line bundle ^ := m*L i^ plL~^ (8)p2-^~^ on X x X as the kernel. 
(vi) For E G Coh(X), E'^ := <^'coHX)(E). 

(vii) ^ := L$ and I- := ^^-^[l]. 

(viii) For a polarized projective threefold {X, L) with Picard rank 1 over C, the Chern char- 
acter of E is ch{E) = (aO)Q^i^)Q^2Y' ^3"6") ^°^ some ai G Q. For simplicity we write 
ch{E) = (ao,ai,02)fl3)- Here aj G Z for the abelian threefold case. 

1. Preliminaries 

1.1. Construction of stability conditions. We recall the conjectural construction of sta- 
bility conditions as introduced in |BMTj . 

Let X be a smooth projective threefold over C. Let uj,B £ NSk{X) with u be an ample 
class. The twisted Chern character ch with respect to B is defined by ch (— ) = e~ ch(— ). 
So we have 

chg = cho, ch]^ =chi— Scho, 

B^ B^ B^ 

chf = ch2 -B chi +— cho, chf = chs -B di2 +— chi — ^ cho . 

The twisted slope fj,u},B on Coh(X) is defined by 

{+CXD if £■ is a torsion sheaf 

for E G Coh(X). Then E is said to be //^^s-(semi)stable, if for any ^ F (^ E, we have 
I^u],b{F) < {<)lJ'u},BiE/F). The H-N filtration of E with respect to /ii^^s-stability enables us 
to define the following slopes: 

f^tsi^) = .S?x Hu,BiG), ^J r(-E) = mill fi^^B{E/G). 
For an interval / C M, the subcategory HN^ q{I) C Coh(X) is defined by 
HN^,j(/) = {E£ Coh(X) : [l^ZA^)^ ^^XBi^)] C /}. 
Define the subcategories 7L,b and Fu),b of Coh(X) by setting 

T^,B = HN^,j(0,+oo], F^,B = HN^,j(-oo,0]. 

Then {Tuj^b,J^u],b) forms a torsion pair on Coh(X). Let the abelian category B^^^b = 
{J'ui,b[M^Tui,b) C D''{X) be the corresponding tilt of Coh(X). 
The central charge function Z^^^b ■ K{X) — ?• C is defined by 



fl,^, otherwise 



Z^,b{E) = - I e-^'-'^chiE). 
Jx 
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So Z^^b{E) = f - ch^(^) + \ chf (£^)J + i {u)ch.^{E) - ^ ck^{E)\ . The following result is 
very useful: 

Lemma 1.1 ( |BMTj . Lemma 3.2.1). For any ^ E £ B^^b, one of the following conditions 
holds: 

(i) Cj2chf(E) >0, 

(ii) uj'^chfiE) = and '=s Zoj^siE) > 0, 
(Hi) a;2 dif{E) = 9 Z^^b{E) = 0, -^Z^^b{E) > and E ^ T for some / T G Coh°(X). 

As a result of this Lemma, they go on to remark that the vector (w^ chj^ , 9 Z^^^b-, —^ ^u),b) 
for objects in B^j^b behaves like the Chern character vector ch = (cho,chi,ch2) for coherent 
sheaves on a surface. 

Following [BMT) . the tilt-slope v^i^b on B^^^b is defined by 

[+00 ii 00^ chf (E) = 

for E £ Bui,B- Then E is said to be ^'ij^B-(semi)stable, if for any ^ F (^ E in B^i^b, we have 
i^u),b{F) < {<)vu),b{E /F). In [ BMTj it is proved that the abelian category B^^b satisfies the 
H-N property with respect to the tilt-slope stability. So the following slopes can be defined 
for E G B^^B- 

For an interval / C M, the subcategory HN^ ^(/) C Bu),b is defined by 

iiKA^) = {^ e s^,B : KB(E),u;!;^BiE)] c /}. 

Define the subcategories 7^ ^ and T'^ ^ of B^i^b by setting 

Z,B = HNJ:,s(0,+oo], Ti^B = HN::,5(-oo,0]. 
Then (TZb^-^Lb) forms a torsion pair on B^^^b- Let the abelian category A^j^b = 
iK,Bi'^]^Vj,B) ^ D^{X) be the corresponding tilt of B^^b- 

Conjecture 1.2 ( [BMT| . Conjecture 3.2.6). The pair {Z^^b^Auj^b) is a Bridgeland stability 
condition on D {X). 

Definition 1.3. Let ^u,B be the class of v^^B-stahle objects E G B^^b with Vu,b{E) = 0. 

Then £^[1] G X,B for any E G K^.B- 

Conjecture 1.4 ([BMT', Conjecture 3.2.7). Any E G ^^^^b satisfies the so called 
Bogomolov-Gieseker Type Inequality (B-G type inequality for short): 

^Z^^b{E[1\) < 0, i.e. chf (£) < ^chf (£). 

Assume B G NSq{X) and uj G NSm_{X) be an ample class with w^ is rational. Then 
the abelian category Auj^b satisfies the following important property. This was proved for 
rational classes a; in |BMTj . However a similar proof can be used when we have a weaker 
condition, namely cj^ is rational. For example, a different parametrisation given by a; i— )• you; 
is considered in [MaE2) . 
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Lemma 1.5 ( |BMTj . Proposition 5.2.2). The abelian category Auj^b is Noetherian. 

As a corollary we have the following 

Corollary 1.6 ( |BMTj . Corollary 5.2.4). The Coniectures M.^ and \1.4\ are equivalent. 

1.2. Fourier-Mukai transforms on abelian threefolds. Let us quickly recall the notion 
of Fourier-Mukai transform on abelian threefolds. See [BBR]. |Huyl| for further details on 
Fourier-Mukai theory. 

Let {X,L) be a principally polarized abelian threefold with Picard rank 1. Let i := ci(L). 
Then xi^) = ^ = 1. Let ^ = m*L®p\L~^ (^p^L'^ be the Poincare line bundle on X x X. 
Then the Fourier-Mukai transform $ : D^{X) — )• D^{X) with kernel ,^ is defined by 

$(-):=Rp2*(^lpi(-)). 

Here X i — X x X — > X are the projection maps. In |Muk2] Mukai proved that $ is an 
auto-equivalence of the derived category D^{X) and also 

<&°^ = (-iridD''(X)[-3]. 

The Chern character of any E € D^{X) is of the form ch(ii^) = (ao, ai^, a2-2-)'^3"6") ^^^^ some 
integers aj. Then we have 

ch($(S)) = (a3,-a2^,ai — ,-ao— )• 

2 

2. Minimal objects of Au;,b and B-G Type Inequality of Threefolds 

2.1. Some Minimal objects of Auj,b- We identify some classes of minimal objects of the 
abelian category A^i^s of a projective threefold X. See |Huy2| for a detailed discussion on 
minimal objects of some abelian categories associated to Bridgeland stability conditions on a 
surface. 

Proposition 2.1. For any x ^ X, the skyscraper sheaf Ox is a minimal object in Auj^b- 

Proof. For any x £ X, Ox £ Toj,b and also Ox £T^ b- Therefore Ox G Auj,b- Let 

O^a^Ox^b^O 

be a short exact sequence (SES for short) in Aui^b such that a / 0. Then in order to prove 
Ox G Aui^B is minimal, we need to show 5 = 0. We obtain the following long exact sequence 
(LES for short) of Bi^^^-cohomologies associated to the above ^(^^b-SES: 

^ A^i ^ ^ B^i ^ Ao ^ Ox ^ Bo ^ 0. 

Here Af, := H^^ ^{a) and B^ := H^^ ^{b). We have A_i = and so a = Aq 7^ 0. Let 
C := Ao/B^i. Then 

O^C^Ox^Bo^O 

is a SES in B^^^b- We obtain the following LES of Coh(X)-cohomologies associated to the 
above B^j^bS^S: 

^ C-^ ^ ^ B^^ ^ C^ ^ Ox ^ B^ ^ 0. 

Here C'' := -ffcoh(x)(C) and B^ := i^coh(x)(^o)- We have C'^ = and so C ^ C^. 
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If Bg / then O^ ^ B^ and Bq^ ^ C^ g TL.b n T^,b = {0}. So C = and S_i = Aq G 
7^ B^-^L B ~ {0} implies tIq = 0. This is not possible and so Bq = 0. Therefore Bq = Bq [1] 
and 

^ 5(7^ ^ C° ^ O:, ^ 

is a SES in Coh(X). Here ch(C'^) = (0, 0, 0, 1). If B^^ / then 

> ^lu,B{B^^) = /"-,b(CO) > 0. 

This is not possible and so Bq = and C^ = Ox- Therefore b = 5_i[l] and we have the 
following SES in B^^^b'- 

-^ B_i ^ Aq^Ox^^. 
Since ch(C'^) = (0, 0, 0, 1), if 5_i / then 

> i^u^AB-i) = i^u^A^^) > 0- 

This is not possible and so B^i = 0. Therefore 6 = and so Ox G A^j^b is a minimal object 
as required . D 

We now identify further minimal objects. 

Definition 2.2. Let .y^uj,B be the class of all objects E G 6aj,B such that 
(i) E is u^^B-stable, 
(a) Vui^BiE) = 0, and 
(in) Ext {Ox, E) = for any skyscraper sheaf Ox of x G X. 

Then clearly ^u),B C ^u},B- 

Lemma 2.3. Let E G ^uj,b- Then E[l] is a minimal object of Aui,b- 

Proof. By definition ^u),B C T^ ^ and so E[l] G A^i^b- Let 

^ a ^ E[l] -^b^O 

be a SES in A^^^b such that b ^ 0. Now we need to show that a = or equivalently b = E[l]. 
We have the following LES of ;B(^^s-cohomologies associated to the above ^(^^^-SES: 

-^ A_i ^ E ^ B^i -^ Ao ^ ^ Bo ^ 0. 

Here A^ := H^ (a) and B^ := H^ (6). We have Bq = and so 6 = i?-i[l] implies 
5_i / 0. 

Case (I) A_i / 0: 

Subcase (i) E/A^i / 0: 

Then E/A^i ^ B^i and J^+b(-B_i) < implies iy^^B{E/A^i) < 0. 
On the other hand Vi^^BiE/A^i) > as A_i ^ and E is z/(^,_b- 
stable with iyuj,BiE) = 0. But this not possible. 
Subcase (ii) E/A^i = 0: 

Then A_i ^ E and S_i = Aq G 7=''^^^ D T^b = {0}- This is not 
possible as B^i ^ 0. 
Case (II) A_i = 0: 

Then we have the following SES in B^^b'- 

(♦) Q^ E^ 5_i ^ Ao ^ 0. 
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Case (i) Aq / 0: 

Here v^^b{E) = implies uj"^ chf{E) > and 9 Z^^b{E) = 0. Then 



l^u r(B-A ) = 75 '■ n < 

'^ ' oj^chf{E)+u^chf{Ao)~ 



implies "^ Z^^Bi^o) < 0. If w^clif (ylo) / then i'uj,BiAo) > implies 
^ Z^^b{Ao) > 0; which is not possible. Hence w^ ch^ (^o) = and by 
Lemma [LH 3= Z^^^BiAo) > 0. So 9 Z^^b{Ao) = and Aq = T for some 
/ r G Coh'^(X). Then the ;Baj,_B-SES ([♦]) corresponds to an element 
from Ext^(^o, E) = Ext^T, E). But we have Ext^(C'^, ^) = for any 
X G X and so Ext^(T, E) = 0. So B_i ^T®E. Then T is a subobject 
of -B-i. But this is not possible as i^u},BiT) = +oo and E G ^u,B- 
Case (ii) Aq = 0: 

Then a = and h = -B_i[l] = £'[1] as required. 

This completes the proof of the lemma. D 

Some classes of tilt stable candidates have been identified in |BMTj . 

Recall, For E G D (X) the discriminant A^^ in the sense of Drezet is defined by 

A^{E) = (oo^chfiE))^ - 2uj^ch^{E)-ojch^iE). 

Proposition 2.4 ([BMT], Proposition 7.4.1). Let E be a jjli^^b- stable locally free sheaf on X 
with IS.^{E) = 0. Then either E or E[l\ in B^j^b is Vui,B-stable. 

Example 2.5. Let (X, L) be a polarized projective threefold and let £ := ci(L). Consider 
the classes B = \l and u = ^L Then A^(C') = A^(L) = 0. Then, by Proposition [131 
0[l],L G Bu,,B are z^a;,i3-stable. Also ^ Z^^b{0[1]) =^Z^^b{L) = 0. Therefore i^^,B(C'[l]) = 
t^u),B{L) = 0. So by Lemma [2T3I C'[2],L[1] G Aui,b are minimal objects. 

Note 2.6. The tilt stable objects associated to minimal objects in the Example \2.5\ clearly 
satisfy the corresponding B-G type inequalities. 

2.2. Reduction of B-G type inequality for minimal objects. The following proposi- 
tions are important. 

Proposition 2.7 ([LM], Proposition 3.1). Let E G 0(j,B be a v^^B-semistable object with 
^w,B < +00. Then H^^^,^JE) is a reflexive sheaf. 

Proposition 2.8 ( jLMj . Proposition 3.5). Let 

O-^E-^E'-^Q-^O 

be a non splitting SES in B^^b- Here Q G Coh (X), Hom(C'a;,S') = for all x £ X, and 
uj"^ chi (E) 7^ 0. Lf E is v^^^B-stable then E' is u^^^B-stable. 

Recall ^ui,B be the class of Vi^^B-stahle objects E G B^^^b with Uu},b{E) = 0. 

Proposition 2.9. Let E G ^uj,b- Then there exists E' G ^uj,B (i-s. E'[l] is a minimal object 
of Aui,b) such that 

O-^E-^E'-^Q-^O 
is a SES in B^^b for some Q G Coh'^(X). 
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Proof. Let E G ^cu^b \ ^uj,b- Assume the opposite of the claim in the proposition for E. 
Then there exists a sequence of non-spHtting SESs in i3^,_B> for f > 1 

^ Ei^i ^Ei^ Oy^ -^ 0, 

where £"0 = E, Ei £ ^ui,B (see Proposition I2.8p . So for each i > 1, 

^ Oy^ ^ Ei^i[l] ^ E,[l] ^ 
is a SES in Au),b- Therefore 

E[l] = Eo[l] ^ Ei[l] ^ E2[l] ^ ■ ■ ■ 

is an infinite chain of quotients in A^j^b- But this is not possible as Auj^b is Noetherian by 
Lemmall.51 This is a contradiction. D 



It follows that E G ^ui^b satisfies the B-G type inequality if the corresponding E' £ ^^^b 
satisfies the B-G type inequality. 

3. AbELIAN CATEGORY A^^ ^, FMT AND STABILITY CONDITIONS 

3.1. Some properties of An^^ ^. We discuss some of the properties of the abelian category 
■^JzB b ^°^ ^^ arbitrary polarized projective threefold (AT, L) with Picard rank 1. Let i := 
ci(L). Let B = biioi b£ Q>o and u = VSB = VSM. Then for E G D^{X) 

QZ^^b{E) = V3M{di2iE) - bichi{E)), 

uj'^chf{E) = 3b'^f{dii{E) - b£cho{E)). 

Proposition 3.1. Let E € B^i^b and let Ei = H^^^,-^JE). Let E'f be the H-N semistable 
factors of Ei with highest and lowest fiuj,B slopes. Then we have the following: 
(i) if Eg HN;;;^5(-oo,0) and E^i / 0, then i"^ dii{E+^) < 0; 

(ii) if Eg HN;;;^5(0,+oo] and rk(£;o) / 0, then f c\ii{EQ) > 2bt^ ch^iE^); and 

(Hi) if E is tilt- stable with i'u},b{E) = 0, then 

(a) for E^i 7^ 0, £'^ chi(£'_i) < with equality if and only if ch.2{E-i) = 0, 

(b) for Tk{Eo) ^ 0, f dii{Eo) > 2b£^ cho{Eo) with equality if and only if {chi{Eo)f = 
2cho(£o)ch2(£o)- 

Proof (i) E G HN;;;_^(-oo, 0) fits in to the i3^,ij-SES 

0^ £^-i[l] ^ E ^ Eo ^ 0. 
Since E G HN;;;_5(-oo, 0), E^i[l] G HN;;;^5(-oo,0). We have ^ E+-^ Q E^i. Hence 
i?+Jl]GHN::^5'(-oo,0). 

Let ch{E^j^) = (ao, ai, 02, as). Assume the opposite for a contradiction; so that oi > 0. 
We have 

-QZ^^BiEti) 



'^u.AEiiiM) 



-u;-^dif{E+^) 

V^bai{bao - ai) + ^baf + ^b{aj - 0002) 



36^(600 — ai) 
As £;+i[l] G HN;;;^5(-oo,0) we have 

cj^chf (E^ljl]) = Sb'^i^ibao - ai) > and 
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as E^-^ is //i^;^s-semistable we have (by the usual B-G inequahty) 

of — aoa2 > 0. 

Therefore i^c.,b(-E1^[1]) > 0. But this is not possible as E+-^[l] £ HN;;;_5(-oo,0). This 
is the required contradiction to complete the proof, 
(ii) E £ HN;;;^s(0, +oo] fits in to the B^^b-SES 

0^£;_i[l] ^ E ^ Eo ^ 0. 

Then E G m^';^^^{0, +oo] implies Eq G HNJ;; ^(0, +oo]. We have 7^ E^q" is a torsion free 
quotient of Eq. Since Eq G HNJ;; g(0, +00] we have E^ G HNJ;; g(0, +00] . 

Let ch.{E^) = (00,01,02,03). Assume the opposite for a contradiction; so that oi < 
2bao. We have 

'^Z^^b{Eo) 



^uj,b{Eq ) 



^'chfiE^) 

-^b{a\ - 0002) + ^601 (oi - 26ao) 



36^00(01 — hao) 
Here Eq G %j,b is torsion free implies 

oi — 6ao > 0; 
Eq is /Utj.B-semistable implies (by the usual B-G inequality) 

Ox — 0902 > 0. 

Therefore v^^b{Eq) < 0. But this is not possible as Eq G HNJ|^ ^(0, +00]. This is the 
required contradiction to complete the proof, 
(iii) Similar to the proofs of (i) and (ii). 

D 



3.2. Relation of FMT to Stability Conditions. Let {X, L) be a principally polarized 

abelian threefold with Picard rank 1. Let I := ci(L). Then x{L) = -g- = 1 and the Chern 

character of i? G D'^{X) is of the form ch(ii^) = (00,01^,02^,03-0-) for some integers Oj. 

Define the classes B = ^^ and uj = ^i- 
The following is a key result in this paper. 

Proposition 3.2. Ij ^{L-^E)\2\ G ^a;,B /or any E G JI^^b \ {L^x : x G X}, then the B-G 
type inequality holds for the objects in '^ui^b- 

Proof. By Proposition \2.9\ it is enough to check that the B-G type inequality is satisfied by 
each object in ^ui,B- Moreover, the objects in {L^^ '■ x G X} C ^u),B satisfy the B-G 
type inequality (see Note 12. 6p . Then we only need to check the inequality for objects in 
^c.,s \ {L^^ : X G X}. 

Let E G ^^^B \ {L^x : X £ X] and assume ^{L-^E)[2] G 6^,b. Let ch(E) = 
(oo, ai£, a2-2-,a3-g-) and then "^ Z^^b{E) = implies oi = 02. Now the B-G type inequal- 
ity says 

A := — oo + 3ai — 03 > 0. 

By Proposition EH we have l"^ c]ii{E^i) < and f c\ii{Eq) > 0. Here Ei = Hi^^^^^^{E). 
So aii^ = fchi{E) = e^ chi{Eo) - l^ chi{E_i) > 0. 
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Let F = ^{L-^E)[2] and let ch(F) = {bo, bi£, 52$, ^sf ). Then bo = a^ - oq and 61 = 62 = 
ai — aQ. Now 61 = 62 implies '^ Z^^b{F) = 0. Also F G iS^j^B implies oo"^ chi (F) > 0, i.e. 
26i - 60 > 0. If u;2 chf (F) = then 3=Z^,ij(F) = implies F ^ T for some T G Coh°(X) 
(see Lemma ll.ip . If T 7^ then E has a filtration with factors of the form L^x[M ^uj,b- 
This is not possible and so w^ chj^ (F) > 0. That is 2bi — bo = — ao + 2ai — 03 > 0. 

Hence A > and so E satisfies the B-G type inequality. This completes the proof as 
required. D 

Our main goal in the rest of this paper is to prove that $L~^[2] and its quasi-inverse L<I>[1] 
are auto-equivalences of the abelian category Aoj^b- Under an equivalence of abelian categories 
minimal objects are mapped to minimal objects and so the hypothesis of Proposition 13.21 is 
satisfied. Therefore, by Corollary [T21 we have the following: 

Theorem 3.3. The pair {Auj^b, Z^^^b) is a Bridgeland stability condition on D (X). 
4. FOURIER-MUKAI TRANSFORMS ON Coh(X) OF AbELIAN ThREEFOLDS 

From here onward, we always assume {X, L) is a principally polarized abelian threefold 
with Picard rank 1. Let I := ci{L). Then x{L) = -g- = 1 and the Chern character of any 

2 ) "3 Q 



E G D'^{X) is of the form ch(F) = (oq, ai£, 02 Y' '^sif) ^^^ some integers a,. Define the classes 



5 = i£ and w = ^e. 

If F G Coh(X) then the slope /x(F) is defined by /u(F) := fi^^oi^). That is fi{E) = fj 

when oo 7^ 0, and /u(F) = +00 when ao = 0. In the rest of the paper we mostly use n slope for 
coherent sheaves and we simply write HN = HN^i . Then fi^^siE) = |(/i(F) — 2). Moreover 

define To = IIN(0, +00] and Fq = HN(— cxd,0]. Also for simplicity we write T = 7I,,s, 
F = F^,B,B = B^,B, V = i^u,B, iiK,B = HN^ r = %^B^ ^' = K,B^ and A = X,B. Then 
by the definitions, we have F = HN(— 00, |] and T = IIN(i, +00]. 

Let $ be the Fourier-Mukai transform with kernel the Poincare line bundle ^. The iso- 
morphism $ o $ = (—1)* idid J [—3] gives us the following convergence of spectral sequence. 

Mukai Spectral Sequence 4.1. 

j^r = ^Lh(x)^Lh(x)(^) ^ <hTx)((-i)*^)' 

for E. Here $b„h(x)(^) = ^Coh(X)('^(^))- 

Let RA denote the derived dualizing functor R?^om(— , C')[3]. Then due to Mukai, $ o 
RA[3] = (— l)*RAo$ (see |Muk2] ) . This gives us the convergence of the following spectral 
sequences. 

"Duality" Spectral Sequence 4.2. 

$P {£xf+'\E, O)) ^ ? ^= (-1)* £xf+^ ($=^-«(F), O) 
/orFG Coh(A:). 

Notation 4.3. (i) Any E G Coh(X) fits into a non-splitting Coh{X)-SES 

O^T ^ E ^ F ^0 
for some T £ To and F £ Fq. Denote T{E) = T and F{E) = F . 
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(ii) For E G Coh(X), we write 

Then for example E^'^ = ^^oh{X)'^Coh(X)^Coh(X)(^)- 

Any torsion free sheaf E fits into a non-splitting Coh(X)-SES 

O^E^E**^T^O 

for some T G Coh- (X). Here E** is a reflexive sheaf. If E is rank 1 then E** is a line bundle 
and so E** = L''^^ for some k £Z and x e X. 

Notation 4.4. If E is a rank 1 torsion free sheaf with ci{E) = ki then we can write E = 
L^^x^c- Here Xc is the ideal sheaf of the structure sheaf Oc ■= L~^^^x ® {E** /E) G 
Coh- {X) of a subscheme C C X of dimension < 1. 

Proposition 4.5. Let E G Coh(X). If E^ ^ then E^ is a reflexive sheaf. 

Proof. Let x G X. Then for < i < 2, we have 

Hom(0^,^°H) ^Hom($(0^),$(^°)[?]) ^Hom(^^,^°2[_2 + j]) 

from the convergence of the Mukai Spectral Sequence 14.11 for E. So \lovii{Ox,E^) = 
Ext^(C'a;,-E^°) = 0, and 

Ext2(C':,,^°) ^ Hom(=5^^,^°2) 

= Hom(=f5^a;, ii^ ), by the Mukai Spectral Sequence for E 
^Hom($(C'^),$(E^)) 
^Hom(0,,£;^). 
Hence dim{x G X : Ext {Ox, E^) 7^ 0} < 0. Therefore S is a reflexive sheaf. D 

Proposition 4.6. Let E G Coh(X). Then we have the following: 
(i) if E eTo then E^ = 0, and 
(ii) ifEGTo then E^ = 0. 

Proof. Let x € X and let ix ■ {x} "^ X be the inclusion map. Then we have the following 
fibre product diagram: 

X l^li^^XxX 

{x} '- ^X 

Therefore for any E G Coh(X), the "fibre" of ^{E) at x is defined by 

^{E)^x) ■■= Lili^iE)) = -Lil-R-jr24TTlE ^ ^) 

L 

= Rp* L(l X ixYinlE ^), by the base change theorem 



Rp* ( L(l X ix) TTiE (g) L(l X ix) 
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= Ilp^{E (g) ^x), since ^x is a line bundle. 
On the other hand, 

L-Pil1>''{E) = i-'<^^E) V Ox = <^HE)x V Ox = ToTp{E^^,Ox). 
So we have the following convergence of spectral sequence: 
(*) E'^'" = ToTpiEl Ox) =^ HP+i{X, E ^ =^,), 

for E, as RP+>,(S ® ^x) = HP+i{X, E ^x)- 
(i) Let E £ To- By the semicontinuity theorem (or from the convergence of the spectral 
sequence ([51)) we have 



Ef^^ = H\X, E®!^x) = Ext3(0, E ® ^x) 

= Hom(£; ® ^x, Of , by the Serre duality 
^Hom(^,^_,)*=0, 

as ^-x G J'o- Hence -E?.-, = for any x € X and so -E^ = 0. 
(ii) Let E £ J^Q. Due to the existence of the H-N filtration for a coherent sheaf into fi- 
semistable factors, and a Jordan-Holder filtration for a /i-semistable sheaf into /i-stable 
factors; we can assume E is ^-stable. By the convergence of the spectral sequence ^^ 

-^ Toi2{El,Ox) -^ Ef^-^ -^ A-^0, and 

-^ Tor3(E;2^ Ox) ^ A ^ B ^ 

are SESs and there is an injection B ^->- H^{X,E ® i^x)- Here A and B are some 
quotients of injection maps in £'2 and £^3 pages respectively. Here H^{X,E (g) ^x) — 
Hom(C',£(8) ^x) =B.om{^_x,E). 

(a) Case fi{E) < 0: 

Then Rom{^_x,E) = 0. 

(b) Case fi{E) = 0: 

If rk(£') = 1 then E = ^z^c and so ]iom.{^-x,E) = for x 7^ z. Otherwise 

Hom(^_-j;,£') = for any x. 
Therefore for generic x £ X, ]ioin{^-x,E) = 0. Hence B = for generic x £ X. Here 
dim{x G X : Tora (£^ , O^; ) / 0} < 1 and dim{x G X : Tot:3{E^,Ox) / 0} < 0. Hence 
for generic x £ X, E?-. = 0. Since E^ is reflexive, E^ = 0. 

D 

Proposition 4.7. Let E G Coh(X). Then E^ E %. 

Proof. Let T = T{E^) £ % and F = F{E^) G J"o, so that 

O^T^E^^F^O 

is a non splitting SES in Coh(X). Now we need to show that F = 0. Apply $ to the 
above SES and consider the LES of Coh(X)-cohomologies. Then we have F G ^coUx)(^)^ 

^ T^ ^ £^1 ^ F^ ^ T^ ^ 
is a LES in Coh(X). Here E"^^ = E"^^ (from the Mukai Spectral Sequence 14.11 for E) and so 

Hom(£3\F^) ^ Hom(£23^^i) 
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^Hom($(E2)[3],$(F)[l]) 

^Hom(^^F[-2]) = 0. 
Hence F ^ (-l)*^^^ ^ ^_i)*2^22 ^ q ^f^.^^ ^^ie Mukai Spectral Sequence O for T) as 
required. D 

Proposition 4.8. Let E G Coh(X). T/ien £;° G J"o- 

Proof. This can be proved in a same way as Proposition I4.7| but we give a shorter proof to 
illustrate the use of the "Duality" Spectral Sequence 14.21 
From the "Duality" Spectral Sequence 14.21 for E* we have 

'&Cohm(^**) = (-irfeohm(^*) 



^Coh(x)V^ ) — y-"-) ycohix) 

By Proposition [121 ^^(^^^^^^{E*) £ %. So {E**)^ G Fq. However E fits into the following 
structure sequence 

for some T G Coh- {X). Then E^ ^-t- [E**)^ which implies E^ G Fq as required. D 

Proposition 4.9. Let E £ Fq. If E^ ^ then E^ is a reflexive sheaf. 

Proof. By Proposition 14.81 E^ = 0. Let x £ X. Then from the convergence of the Mukai 
Spectral Sequence 14.11 for E and < i < 2, we have 

Rom{0,,E^[i])^Rom{^{0,),^{E^)[i]) 

^Rom{^^,E'^^[i-2]). 

Therefore Rom{0^,E^) = Ext^{0^,E^) = and Ext'^{0^,E^) ^ Rom{^^, E^"^). 
From the convergence of the Mukai Spectral Sequence 14.11 for E 

-^ E^^ -^ E^^ -^ F -^ 

is a SES in Coh(X). Here F is a subobject of {—1)*E. By applying the functor Rova.{0^x^ —) 
we obtain the exact sequence 

-^ Hom(^^, £^20) ^ Hom(^^, E'^'^) -^ Hom(^^, F) ^ • • • . 

Now F £ Fq and by Proposition 14.81 E'^^ is also in Fq. Therefore we have Hom(=^a;, F) 7^ or 
Rom{^^,E'^^) / for a finite number of points x G X. That is dim{x G X : Ext^{Or,,E'^) / 
0} < 0. Therefore E^ is a reflexive sheaf. D 

Proposition 4.10. If E is a torsion sheaf then E'^ G To- 

Proof Let T = T{E^) and F = F{E^). Then ^ T ^ E"^ ^ F ^ is a non-splitting SES 
in Coh(X). By applying <1> we obtain the LES 

-^ F^ -^ E'^^ -^ F^ -^ F"^ -^ 
in Coh(X). Here F G ^(Johfx) (■'■)• ^^om the convergence of the Mukai Spectral Sequence 14.11 
for E, £^21 fits into the Coh(X)-SES 

^ Q ^ E'^'' ^ E^'^ ^ 0, 

where Q is a quotient of {—1)*E. So Q is a torsion sheaf and Rom.{Q,F^) = as i^^ is a 
reflexive sheaf (see Proposition 14. 9p . Therefore 

Hom(£2i^i?i) ^ Rom{E^^,F^) 
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^Hom($(S^)[3],$(F)[l]) 

^ Rom{E\ F[-2]) = 0. 
Hence F^ = T^ and so F = (-l)*^^^ ^ (_i-)*2-22 ^ q j^f^^^^ ^j^g Mukai Spectral Sequence 
14.11 for r) as required. D 

Proposition 4.11. Let E G Coh-^(X). Then E^ G Tq. 

Proof. E G Coh- {X) fits into the torsion sequence {) ^^ Eq ^ E ^ Ei ^ Q, where Eq G 
Coh°(X) and Ei G Cohi(X). Here Eq G V*^h(x)(0) ^nd so E^ = E\. Therefore we only need 
to prove the claim for a pure dimension 1 torsion sheaf E which is locally free in its support. 
Then for sufficiently large n > and suitable x G X, L~"-E G ^^oh(x)(^)' '^here L^ = L^x, 
and 

-^ L-'^E ^ E^Q^O 
is a SES in Coh(X) for some Q G Coh°(X). Then we have {L-'^Ef -^ E^. Therefore we 
only need to show {L~^E)^ G To- Let us show this by proving the claim for pure dimension 
1, torsion sheaf E G V(*h(x)(l)- Then ch{E) = (0,0,q,/3), where a > and /3 < 0. 

Let T = TiE^) and F = F{E'^). Then O^T^^J^^F^Oisa non-splitting SES 
in Coh(X). Now we need to show F = Q. So suppose F ^ Q for a contradiction. Apply 
the FMT <^ and consider the LES of Coh(X)-cohomologies. Then we have T G ^qoUX)^'^)^ 

Q^ F^ ^T"^ ^ E ^ F"^ ^Q 



is a LES in Coh(X). 

Case (i) The map T^ — )• i? is zero: 

Then T ^ (-1)*T21 ^ (-l)*F^i = from the Mukai Spectral Sequence O as 
F G y(*i^(^)(l,2). So F = F2 and hence F G V;?oh(x)(2)- Therefore F ^ (-1)*^^ 
and so ch(F) = (— /3,a,0,0). Here a > and which is not possible as ^(F) < 0. 
Case (ii) The map T^ — t- F is non-zero: 

Let K = im(r2 -^ F). Then K G Cohi(X) and the Coh(X)-SES ^ F^ ^ 
T^ — >• FT — 7- corresponds to an element from Ext (FT, F^ ) . Here F^ is a reflexive 
sheaf and so there exists a locally free sheaf U and torsion free sheaf V such that 
0— T-F^— T-C/— 7-1/— T-Oisa non-splitting SES in Coh(X). By applying the functor 
Hom(F, — ), we obtain the following exact sequence: 

^Hom(F",y) ^Ext^(F:,F^) ^Ext^(Fr,;7) ^ ••• . 

Here Hom(F,y) = and Ext^i^, f/) = Ext2(f7,F)* ^ H'^{X,U* K)* = as 
K G Coh^i(X). So Ext^{K,F^) = implies T^ ^ F'^ ® K. Here T^ G ySoh{x)0~) 
implies F^ = and so FT ^ T^. Then F^ ^ F/T^ and also F G V'(*j^(^)(2). Since 
F^ G ^(?oh(x)(^)' ^^ ^^ ^ pure dimension 1 torsion sheaf. So ch(F^) = (0, 0, a',/3'), 
where a' > and /3' < 0. Therefore ch(F) = (— /3', a',0, 0) and which is not 
possible as /i(F) < implies a' < 0. 
Therefore F = as required to complete the proof. D 

Let F be a reflexive sheaf. Then from a minimal projective resolution of F we have a 
Coh(X)-SES 

O^g^F^F^O 
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for some locally free sheaves F and Q. Now by applying the FMT ^L"" to the above SES 
for n > 0, we obtain 

for sufficiently large n > 0, L^^E" G V(?^h(x)(2> 3). 

Let Lz := L,'^z for z £ X and let Z?" be the divisor of the line bundle L". That is 

Then for n > 0, any line bundle i? fits into the Coh(X)-SES 

-^ L-"^E -^ E^ Elnr^ ^0. 



-'X 



Moreover for ttt, > 0, -E|_Dn fits into the Coh(X)-SES 

— y L,, Elnn — 7- Elnn — 7- E\ nnr-,r)m — >■ 0. 
y '^-^x '^-^x '^^x' ' y 

Then we have the following key technical lemma. 

Lemma 4.12. The fi^ slope of (E'lDjnD'" I tends to as either n or m tends to +00. 

Proof. We have E = L !^x for some k ^^L and x £ X. Then for n, m > we have 

On the other hand for p > 0, it is well known that (L~^)^ is stable and its ^ slope tends to 
as p ^ +00. Therefore the result follows by taking the limit either n or m tends to +00. D 

Lemma 4.13. Let E be a reflexive sheaf with E^ = 0. Then E^ € J-q. 



Proof Topologically the divisors D!^ of the line bundles L" are same for n > 0. Also D^ 
is the support of 0/L~"'. Let us denote C",'™ = D" n D™ and so it is the support of 

{0/L--)\d^ = {0/L-"^)\ds. 

Since L is ample, E fits into a filtration of rank 1 torsion free sheaves of form L ' ^^,Xc. 
as follows: 

(*) L^^^Zr^Cr = Er"— Er^i C ^ Ei=E . 

Here r = rk(£'). Now consider one such particular filtration for E. 
Then one can choose x, y G X such that 

(i) Cl^l n Ci = for ah i = 1, . . . , r; 
(ii) E\£)i is locally free on D].; and 
(iii) E\£)i is locally free on Z)J,. 

y " 

Since £' is a reflexive sheaf, for sufficiently large n > 0, L^^^E G ^(?oh(x)(^' 3)- Also we 
have the SES 

-^ L-'^E ^ E ^ E\d^ -^ 

•^ I X 

in Coh(X). So E'Idj G ^Coh(x)(^^'^) ^^"^ ^^ '^^ (-^l^s) • Since E\£)n is locally free on its 

^y ^\^x ^ ^Coh(X)^ 



support, we have L "^E\£)n G K?h('x'i(^) ^°^ sufficiently large m > 0. Moreover 



— y L., Elnn — y Elnn — y £'L^n,m 
y ^^x ^^x ^^x,y 
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is a SES in Coh(X). So E\(j^,m G ^^hfx')(^) ^^'^ (-^l^s) "^"^ (-^Ic"'™ ) • Therefore we have 

E ' — ^ I £/ r""'"* 

The claim in the lemma follows from the following. D 

Claim 4.14. For any T £ To which is independent ofm,n, 

Rom (T,(^E\c^^.^y\ =0. 
Proof. Let us prove by induction on rk(£'). If rk(£') = 1 then the result follows from Lemma 

ma 

Assume the claim is true for rk < rk(i?) cases. From the filtration (Q, we have the 
Coh(X)-SES 

0^ F^ E^ L''^^,,Ic, -^ 

for some F. Then F is reflexive and F^ = 0. Also we have the following SES in Coh(X): 

Apply the FMT <l> and then consider the LES of Coh(X)-cohomologies. Then we obtain 



is a LES in Coh(X). Due to the choice of x and y, L'^^cf^^jXc^lj-.n,™ = L^'^ l^zi\f;n,m. Then 

Assume the claim is false. Then there exists a non-zero map T — )• (E\(j^,m j for some 
T £ To which is independent oi n,m. However 

Hom ( T, (E\c^,ru\ j ^ Hom (t"^ , E\c^,rn\ 

and let ^ Qn,m be the image of the corresponding non-zero map T^ — >• E\fjri,m. Then Qn,m 
is a subsheaf of E\(j^,m and so Qn,ni G Coh {X). Also Qn,m S ^(?oh(x)(^)- 
Now by the induction hypothesis 

Hom fT^Flc-;^,™) ^ Hom JT^^ (^Ic,"'™) ) = ^ 

as r^^ G To from the Mukai Spectral Sequence 14.11 for T. Therefore the composition 

is non-zero. On the other hand 

Hom (t2, L'^i ^,,Xci Ic-r) = Hom (^^T^),^L'^ =^,Jc- 
and by the base case 

Hom ($(r2), (L'^^^.Jc:-)'!-!]) = Hom (t^^, (L^'i^.^^n,^™)!) = 0. 
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Therefore 

Horn fcD(r2), (L'^^,^Ic,y.^y) -^ Horn U{T^),^L''' ^,,\c^,^ 



and where 

Horn (^<5(t2), (L'^i^.^XcJc-r)") = Horn (^(r^), {I'^^^^.f 

Case (I) ki<0: 

Then {L^^ J^^-^)^ = and so / = 0; which is the required contradiction. 
Case (II) ki > 0: 

Then Horn (^(r^), (L'^i^^jO) ^ Rom{T'^,L''^^^^) and so the composition / 
factors as 

However 'Kom.{Qn,m, L^^ ^zi) = as Qn,m is a torsion sheaf. Therefore the map 
/ is zero. This is the required contradiction. 

This coinpletes the proof of the claim. D 

Corollary 4.15. Let E £ Tq. Then E^ £ Tq. 

Proof. Apply the FMT $ to the structure sequence 

O^E^E**^T^O 

and consider the LES of Coh(X)-cohomologies. Here T G Coh- (X) and so (E**)^ G J^q. 
Then {E**f = E° = hy Proposition gJl Consequently 

0^T° ^ E^ ^ {E**y ^ ■■■ 

is an exact sequence in Coh(X). By Lemma [4.131 {E**y G J^q. We also have T^ G J-q by 
Propostion 14.81 Hence E^ G J-q as required. D 

Corollary 4.16. Let E gTq. Then E^ £%■ 

Proof. Let T = TiE"^) and F = F{E'^). Then O^T^E'^^F^Oisa non-splitting 
SES in Coh(X). Now we need to show F = 0. Apply the FMT <I> and consider the LES of 
Coh(X)-cohomologies. So we have F G ^(?oh(x)(-'^) ^^^ 

^ T^ ^ £;2i ^ ^1 ^ 2^2 ^ Q 

is a LES in Coh(X). From the convergence of the Mukai Spectral Sequence 14. II for E we have 
the Coh(X)-SES 

O^Q ^ E^^ ^ E'^^ ^ 0, 

where Q is a quotient of (— 1)*£'. Then Q G To and, by Proposition 14.71 E^^ G To and so 
E'^^ G To- On the other hand, by Corollarv 14.151 F^ G J-q. So the map E'^^ — >• F^ is zero and 
^1 ^ 2.2_ jjgj^(,g p ^ (_i)*i?i2 ^ (_i)*t22 = (from the Mukai Spectral Sequence O for 
T) as required. D 

Proposition 4.17. Let E be a coherent sheaf with E^ = 0. Then E'^ G HN[0,+oo]. 
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Proof. Apply the FMT ^ to the structure sequence 

0-^E-^E**-^T-^0 
and consider the LES of Coh(X)-cohoniologies. Then we have 

>T'^ ^ E"^ ^ {E**f ^0 

is an exact sequence in Coh(X) and (E**)^ = E^ = 0. Here T G Coh-^(X) and so, by- 
Proposition HTTTJ T^ £ To- So we only need to prove the Lemma for reflexive E with E"^ = 0. 
Let S be a reflexive sheaf with E"^ = 0. By the convergence of the "Duality" Spectral 
Sequence lU for E, we have (E*)^ ^ {-1)*{E^)* = and (E^)* ^ {-l)*{E*y. Since E* 
is reflexive, by Lemma [i?T3] we have {E*y £ HN(-oo,0]. Hence {E'^)* G HN(-oo,0] which 
implies E'^ £ HN[0, +oo] as required. D 

Proposition 4.18. Let E G HN(0, 1]. Then E^ G HN(-oo, -\]. 

Proof. Due to Mukai, <I>L<1> = (— 1)*L~^<I>L^^. Therefore we have the following convergence 
of spectral sequence: 

Here L~^E G HN(— 1,0] and so {L~^E)^ = by Proposition 14.61 So from the convergence of 
the above spectral sequence for E we have (LE^)^ = 0. 

Let F C E^ be the H-N semistable factor of E^ with the highest slope and let fi := fJ.{F). 
Then {LFf ^ {LE^f and so {LFf = 0. Then let ch(F) = (ao,/iao,a2,a3)- Now suppose 
// > — ^ for a contradiction. Then LF G To and F fits into the Coh(X)-SES 

{■ts) o^f^e'^^g^o, 

for some G G HN(— oo, 0]. By Proposition l4.5l E^ is reflexive. Since G is torsion-free, it follows 
that F is also reflexive. Apply the FMT $ and consider the LES of Coh(X)-cohomologies. 
Then we have F G ^cohix)^'^^'^^ ^^^'^ 

^ G^ ^ F^ ^ £;°2 ^ • • • 

is an exact sequence in Coh(X). From the convergence of the Mukai Spectral Sequence 14. II for 
E, £;°2 ^ ^10 G H{-oo,0] by Proposition SSI Also bv Proposition IJTBl G^ G HN(-oo,0]. So 
F^ G HN(-oo,0]. Hence we have £^chi(F^) < 0. Moreover, F^ G HN(0,+oo] by Proposition 
SZland so f chi{F^) > 0. Therefore fdii{^{F)) < and so ch($(F)) = (03,-02,^00,-00) 
implies 

02^^ = 2^ch2(F) > 0. 

Apply the FMT <^L to the SES (g|) and consider the LES of Coh(X)-cohomologies. Then 
LF G V'coh(x)(l'2) and by Lemma 1133] and Corollary gH] we have {LFY G HN(-oo,0] and 
{LFf G HN(0,+oo]. So f chi{LF^) < and f chi{LF^) > which imply f chi{^{LF)) > 
0. Hence 

(00 + 2/iOo + 02)^^ = 2^ch2(LF) < 0. 

Here by the assumption 2^+ 1 > and we already obtained that 02 > 0. Hence (2^+ l)oo + 
02 > and which is not possible. This is the required contradiction to complete the proof. D 

Proposition 4.19. Let E G HN[-1,0]. Then E^ G HN[i,+oo]. 
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Proof. From the "Duality" Spectral Sequence K2\ for E we have (E*)^ = {-1)*{E^)*. Here 
E* G HN[0, 1] and so by Propositions |M1 and [HSl (E*)^ G HN(-oo,-i]. Hence {E^)* £ 
HN(-oo, -^] and so E^ e HN[i, +00] as required. D 

Theorem 4.20. We have the following: 

(i) L^{B) C {B,B[-llB[-2]), and 
(ii) ^L~'[l]{B) C {B,B[-l],B[-2]). 

Proof. (i) We can visualize B as follows: 

B = {F[llT): 




Aer=HN(i +00], BeJ'=HN(-oo,|] 



If S G J" = HN(-oo, i] then by Propositions WB and HJHI LE'^ £ T. Also by Propo- 
sition O LE^ G HN(l,+oo] C T. Therefore L^iE) has S-cohomologies in 1,2,3 
positions. That is 

L$(J-)[l]c(i3,i3[-l],fi[-2]). 





-1 



On the other hand \i E £ T = HN(2, +00] then by Proposition 14.61 LE^ = and by 
Corollary |1?T6]L£'2 G HN(1, +00] C T. So L^{E) has ^-cohomologies in 0,1,2 positions. 
That is 

L<^{T)c{B,B[-l],B[-2]). 





7^ Z 




Hence L$(B) C {B ,B\-\\B{-2\) , qsB = {T{\\T). 
(ii) We can use Propositions 14.61 14.81 and 14.191 and Corollary 14.151 in a similar way to the 
proof of (i). 

D 

5. (SeMI)stABLE SHEAVES WITH THE CheRN CHARACTER (r, 0, 0, x) 

The aim of this section is to show the following 

Theorem 5.1. Let E be a slope stable sheaf with chk{E) = for k = 1, 2. Then E** = 3^^ 
for some x £ X . 

We have sheaves of this form as the Coh(X)-cohomology of some of the tilt-stable objects. 
Let -F G ;B be a tilt stable object with i^{F) = and Fi := H^^^,j^JF). From the Proposition 

Owe have, if /i(F_i) = then chfc(F_i) = 0, and if fi{Fo) = 1 then chk{L-^Fo) = for 
k = 1,2. 
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Proposition 5.2. Let E he a semistable reflexive sheaf with ch{E) = (r, 0,0, x); ind 
H (X, E (g) .S^x) = for /c = 0, 3 and any x G X. Then we have the following: 

(i) dikiE') = fori, k = 1,2, 
(ii) E^^ £ Coh°(X), 
(Hi) E^ G HN[0], and E^ G ^coh(X)(l)- 

Proof Since H''{X, E ® ^x) = for A; = 0, 3 and any x e X,we have E'^ = E^ = 0. So E e 
^Coh(X)(l'2)- By Corollary lil^ E^^ G HN(-oo,0], and by Proposition liTTl £^^ G HN[0,+oo]. 
So we have i^ chi{E^) < and l"^ chi{E^) > 0. Therefore ^2chi($(£;)) > which implies 
ich2{E) < 0. Since ch2(£;) = 0, we obtain chi{E^) = chi{E'^) = 0. Then we have 

ch(£;^) = (a, 0, -b, c), ch{E^) = {x + a, 0, -b, -r + c), 

for some 6 > 0. Moreover we have E^^ G HN[0]. 

If £^13 ^ then E^ fits into a Coh(X)-SES ^ iCi ^ E^ ^ ^^i^:^ ^ 0. Then Ki G HN[0] 
and we have the following exact sequence 

>Kl^E^^ ^ O.^i -^ 

in Coh(X). If Kl + then Kx fits into a Coh(X)-SES ^ 7^2 ^ i^i ^ ^z-^lc-, ^ 0. Then 
-ftr2 £ HN[0] and we have the following exact sequence 

>Kl^Kf^ 0_^2 -^ 

in Coh(X). In this way one can consider a chain of SESs. However rk(£'^) < +oo implies 
we have E^^ G Coh (X). So E^^ = Ojj for some 0-subscheme U C X. Moreover from the 
convergence of the Mukai Spectral Sequence 14.11 for E, we have the Coh(X)-SES 

^ £;2° ^ £^2 ^ Q ^ 

where Q is a subsheaf of {-1)*E and so Q G HN(-oo,0]. By Proposition 1321 E^^ G 
HN(-oo,0]. This implies E^"^ G HN(-(X),0]. Then f dii{<^{E^)) < and so -bi^ = 
2ich2{E^) > 0. Hence 6 = 0. We also have ch^iE^^) = chfc(Q) = for A; = 1, 2. 

On the other hand chi(£;2) = q implies E'^ G HN[0, +oo] fits into the Coh(X)-SES 

O^T^E^^F^O, 

where T = T{E^) G Coh-^(X) and F = F{E'^) G HN[0]. Now consider the convergence of 
the "Duality" Spectral Sequence 14.21 for E: 
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(E-i.)* 



(E^-)* £xt^'(:E^,0) 




exfi(:E^,o) Sx^(E^,o) 



(_l)-.(iJ.)0 (_l)*.(iJ*)l 



(-i)*(j5*)2 i-iriE*)^ 



p 



By Proposition 14.91 E^ is a reflexive sheaf. So we have £xt {E'^,0) = 0. Therefore T is a 
pure dimension 1 torsion sheaf, i.e. T G Coh {X). Apply the FMT $ to the above SES 
and consider the LES of Coh(X)-cohomologies. Then F G V'*,h(X)(l) ^^^ r° ^ S^o^ g^ 
chfc(r°) = for /t = 1, 2. If r / then chfc(T°) = for fc = 1, 2 imphes f chi{T^) > and 
so fchi{F^) < 0. Here we have Coh(X)-SES 

^ r^ ^ ^21 ^ ^1 ^ 0. 

On the other hand from the convergence of the Mukai Spectral Sequence 14.11 for E, we have 
the Coh(X)-SES 

-^ {-l)*E/Q -^ ^21 ^ 0^ ^ 0. 

So there exists an induced surjection map from (—1)*E/Q — » G, where G is the kernel of 
F^ — » Oiji for some U' C U. Hence, there is a non-zero composition of maps (—1)*E -» G. 
This is not possible as E is slope semistable with IJ,{E) = and //(G) < 0. Therefore T = 
as required. D 

Proposition 5.3. Let E be a slope stable reflexive sheaf with ch{E) = (r, 0,0,x)- Then 

(1) ifx<0, 

(2) «/x>0, 
'x for some x £ X if x = ^■ 



E 



^ ^Coh(X)^ 



Proof. First let us consider the case x < 0. We have H {X, E ® ^x) = for k = 0,3 and for 
any x € X. Otherwise E = ^„ for some y G X. From Proposition 15.21 we have E 



13 ~ 



O 



u 



for a 0-subscheme U C X, E'^ G HN[0] and E^ £ ^coh(x)(l)- ^™^^ ^ ^^ ^^°P^ stable and 
E"^^ G HN[0], from the convergence of the Mukai Spectral Sequence 14.11 for E we have either 
^12 = or £;2i ^ ^13^ 

Case (i) E^^ = 0: 



Then E fits into the Coh(X)-SES 



-^ {-lyE -^ E^' -^Ou^O. 
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However since E is reflexive, if [/ / then Ext^(C'c/,£^) = 0; so E"^^ = {-l)*E 
Of/. Tliis is not possible as E"^^ £ ^coh(x)(2)- Hence U = H} and so E £ V(*h(x)(2)- 
But this is not possible as x < 0. 
Case (ii) ^^i ^ ^13. 

Since E^ G ■^c*oh(x)(l)' ^^ - (-l)*(Ol/)^ = 0. Hence E G l^(|h(x)(l) as required. 

The proof of the case x > is similar. 

Consider the case x = 0. If H^{X,E ® ^x) = for /c = 0,3 and for any x £ X, 
then E belongs to either yQQ^tx\{^) o^ ^(^jhCX)^^)' -^^^ ^'^^^ ^^ ^°* possible as ch($(£')) = 
(0, 0, 0, — rk(i?)). Since E is reflexive and slope stable E = ^^ for some x £ X as required. D 

Recall that a sheaf E is semi-homogeneous if for all x G X, there is some flat line bundle 
^y such that t*E = EiS' ^y, where tx '■ X ^ X : z *-^ z + x. This notion was introduced by 
Mukai in [Muklj . 

Lemma 5.4. Let E be a slope stable reflexive sheaf with ch(£^) = (r, 0, 0, x) OLnd E ^ ^x for 
any x £ X . Then E is a semi-homogeneous bundle on X . 

Proof. If X < then ch3(£'*) > 0. Therefore with out loss of generality assume x > 0- 
Now assume the opposite for a contradiction. Then there exists x £ X such that 

H'^iX, t*xE 0E* (g> ^y) = H^{X, t*xE 0E* (^^y) = 

for any y £ X. Equivalently we have {t*xE (^ E*)^ = 0. 

Case (I) r is odd: 

Let G := t*xE®E*. Then ch(G) = (r^, 0, 0, 0) and G is a slope semistable reflexive 
sheaf with H°{X,G ^y) = H^{X,G (g) ,^y) = 0, for any y e X. Also we have 

G* ^ t*_x{t*xE) {t*xE)* 

and H^{X, G* ® ^y) = H^{X, G* (g) ^y) = for any y£X. 

By Proposition iil G^,Ig*)^ £ HN[0] belong to V(*h{x)(l)- ^^^ consider 
the convergence of the "Duality" Spectral Sequence 14.21 for G. Then we have 
{G*y - (-1)*(G2)*. Since G^ £ l^*oh(x)(l)' (G'T e VcoHxp)- Therefore 
{G*y £ V(*j^(jf)(2) and so (G*)^^ ^ g. Similarly we have G^ £ ^(|h{x)(2)- 

From the convergence of the Mukai Spectral Sequence 14.11 for G, we have the 
Coh(X)-SES 

^ G^2 ^ (-1)*G -^ G^i ^ 0. 
Here G^^ £ V(|h{x)(l) ^^^1 G^i £ V^^^^^^{2). By Proposition |M] G^^ is reflexive 
and so G^^ is reflexive. So we get the Coh(X)-SES 

-^ (G^i)* -^ (-1)*G* -^ {G^'^y -^ 0. 

Here (G^^)* £ V^^^^^^{1) and (G^^)* £ y*h(x)(2)- IfrKG^^) = « then rk(G2i) = 
r"^ — a. We have 

{{-l)*G*y ^ ((G21)*)\ and ((-1)*G*)2 ^ {{G'^^)*f. 

Therefore we have a = i:k{G^^) = rk((G*)^2) ^ j:k{{G^^)*) = r^ - a. Hence 
r^ = 2a and so r is even. This is the required contradiction. 
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Case (II) r is even: 

By Proposition ESI E e V(*h(x)(2) and E'^ fits into a non-splitting Coh(X)-SES 

0^ K ^ {-1)*E'^ ^0,^0, 

for some z G X. Tlien K G ^(?oh(X)(''-) ^^"^ ^^ Iiave non-splitting Coli(X)-SES 

O^^z^F^E^O, 

where F = K^. Then rk(F) = r + 1. Since .^^ and E are reflexive, we have a 
non-splitting Coh(X)-SES 

^ £^* ^ F* ^ ^_2 ^ 0. 

Now F fits into the following non-splitting Coh(X)-SESs: 

d^tlF^E* ^ tlF ®F* ^ tlF ® ^_^ -^ 0, 

-^ tl^, 0E* ^ tlF 0E* ^ tlE (g)E* ^0, 

-^ tl^, (g) &>-^ -^ tlF i^_^ -^ tlE ^_^ -^ 0. 

Therefore G := t*F(g)F* G V'*^h{x)(l' 2) and rk(G') = (r + 1)^ is odd. Now similar 
to the above case, one can get a contradiction with G. 
This completes the proof of the Lemma. D 

It is a well established fact (see |Huyl| or [BBRj ) that any semi- homogeneous slope stable 
bundle is isomorphic to a restriction of a Fourier-Mukai kernel to a point of the abelian 
variety. These were also classified by Orlov ( [Orl] ) and when X is a principally polarized 
abelian threefold with Picard rank 1, any restriction of a universal bundle associated to a 
Fourier-Mukai transform has Chern character of the form {a^,a'^b,ab'^,b^) for some integers 
a > 0,b with gcd(a, b) = 1. This observation completes the proof of Theorem 15.11 

Remark 5.5. Theorem 15.11 can be interpreted as saying that if a vector bundle E over X 
satisfies ci{E) = = C2{E) then it cannot carry a non-flat Hermitian-Einstein connection. 
This is analogous to the case where there are no charge 1 SU(r) instantons on an abelian 
surface. This is proved in a slick way using the Fourier-Mukai transform and it would be 
good to avoid the direct proof given for Theorem 15.11 as it would follow more directly from 
Theorem 16.101 

6. AUTO-EQUIVALENCES OF Ays i UNDER THE FMTS 

2 *-'2*^ 

Let denote the FMTs ^ = L$ and # = $^"^[1]. Then by Theorem gJOl we have 
that the images of an object from B under ^ and ^ are complexes whose ^B-cohomologies 
can only be non-zero in the 0, 1 or 2 positions. We have ^ o ^ = (— 1)* id^jt/j^ J— 2] and 

^ o ^I* = (—1)* id^jb/jj^J— 2]. This gives us the following convergence of spectral sequences. 
Spectral Sequence 6.1. 

E^,'^ = ^m{E) =^ H^/^-'a-iyE), 

i?r = ^^UE) =^ Hi'"^-\{-iyE), 

for E. Here *^(F) := i/^(^(F)) and %{F) := H'^{i>{F)). 
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These convergence of the spectral sequences for E £ B look similar to the convergence of 
some spectral sequences in an abelian surface for coherent sheaves. See [BBR] . |MaA] . [Yos] 
for further details. 

RecaU that if Bi, S2 € then Ext*(Si, S2) = for any i < 0. 

Proposition 6.2. For E G D^{X) we have 

9 Z{^{E)) = -9 Z{E), and 9 Z{^{E)) = -9 Z{E). 

Proof. Let ch.{E) = (00,01,02,03). Then 9Z(S) = ^(02 - oi). Also we have ch(^(£;)) = 
(*, 03 — 02,03 — 2o2 + ai, *) and ch(^(£^)) = (*, 02 — 2oi + oo, — oi,+oo,*). Then '^ Z{^{E)) = 
^Z{^{E)) = -^(02 - oi) as required. D 

From Propositions 12.71 13.11 and Theorem 15.11 we make the following 

Note 6.3. Let E £ B. Then we have the following: 

(I) if Eg HN'^(-oo,0), then ^+(^-1) < 0; 
(II) if E G HN''(0,+oo], then n~{Eo) > 1; and 
(III) for tilt stable E with i'{E) = 0, we have 
(i) At"^(-E_i) < 0, and fi^iEo) > I, 

(a) if n{E-i) = then E^i = 3^^ for some x £ X, and 
(Hi) if ii[E{)) = 1 then Eq* = L^x for some x G X. 

Proposition 6.4. Let E £ T' ■ Then we have the following: 
(^) H^CoHX)(^l{E)) = 0,and 
(ii) if-^l{E) / then'^Z{i>l{E)) > 0. 
Proof. (i) For any x £ X, 

Hom(l'|(£;),0,) ^ Hom(^|(£;),^|(L^_,)) 
^Hom(l'(£'),#(L=^_^)) 
^'ilom{E,L^_x) = 0, 

since E £ V and L^-^ G T' . Therefore -f^coh(X)(^l(-^)) = as required, 
(ii) From (i), we have ^1{E) = A[l] for some 0^ Ae HN(-oo, ^]. 
Consider the convergence of the spectral sequence: 

for E. Let Ei := H'^^^i^^^iE) . Then by NoteES Eq € HN(l,+oo] and so by Corollary 
14.161 and Proposition 14.71 we have 

(L-^Eof, (L-^E.if e HN(0, +00]. 
Therefore from the convergence of the above spectral sequence for E, we have 

A e HN(-oo, h n HN(0, +00] = HN(0, h. 

Let ch(j4) = (00,01,02,03). Then from the B-G inequalities for all the H-N semistable 
factors of ^, we have 

9 ZmiE)) = 9 Z{A[1]) = ^(01 - 02) > 
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as required. 

D 

Proposition 6.5. Let E ^ T' . Then we have the following: 
(^) H^i^^^{H{E))=0,and 
(ii) i/^^(^) / i/ien 9Z(^g(^)) < 0. 

Proof. (i) Let x €z X. Then 

Hom(^0(i^),O,[l]) ^ Hom(^^0(i?),v&(O,[l])) 

^Hom(^|l'g(E)[-2],L^,[l]) 

From the convergence of the Spectral Sequence 16.11 for E, we have the ;S-SES 

where F is a subobject of {—1)*E and so F E J-'. Moreover by the H-N filtration, F 
fits into the following ;B-SES 

^ Fo ^ F ^ Fi ^ 0, 

where Fq e HN''[0] and Fi e HN''(-oo,0). Since L^^ G HN'^[0], 

Hom(L^^.,Fi) = 0. 

Moreover Fq has a filtration of z^-stable objects -Fo,i with i/(i<o^j) = 0. By Proposition 
12.91 each Fq j fits into a non-splitting ;B-SES 



^ Fo,i ^Mi^Ti^O, 

for some Tj G Coh (X) such that Mj[l] G ^ is a minimal object. Moreover L^xlM G 
^ is a minimal object. So finitely many x G X we can have L^x — Mi for some 
i. So for a generic x £ X, Hom(L^a;,Mj) = and so Hom(L^2^, i<o,i) = implies 
Hom(L^2;,i<o) = 0. Therefore for a generic x € X, }ioin(L^x,F) = 0. 
On the other hand 

^Rom{^ (Ox), ^%iE)) 
^Rom{Ox,%{E)). 

Here ^^(S) fits into the ^-SES 

where H^^^,-^J"^^{E)) is torsion free and -f^coh(x)(^B(-^)) '^^'^ have torsion supported 
on a 0-scheme of finite length. Hence for generic x G X, Hom(Oa;, ^g(£^)) = 0. 
Therefore for generic x £ X, Hom(L=^a., ^^^^^(E')) = Hom(L^j,,F) = implies 
Hom(L^^,^|l'0(£;)) = 0. Hence Hom(l'° (S), ©^[l]) = for generic x G X. But 
-^Coh(x)( s(-^)) ^^ torsion free and so H^^^,-^J^^{E)) = as required. 
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(ii) From (i), we have "^^{E) = A for some coherent sheaf ^ A £ HN(2,+oo]. For any 
X £ X we have 

E^t\0„A)^E^t\0,,^{E))^Rom{^{0,),^^{E)[l]) 
^ Rom{L^^,'^^'^'^Q{E)[-l]) =0. 

So j4 G Coh- {X), and if ch(A) = (ao,ai,a2)Q^3) then we have ai > 0. 

Apply the FMT ^ to ^%{E). Since ^%{E) E V^{2), ^|^^(^) £ B has Coh(X)- 
cohomologies: 

• LA^ in position —1, and 

• LA^ in position 0. 

So we have A £ V^^^^^^{1,2), LA^ G HN(-oo, i] and by Corollarv KM A^ G 

HN(0, +oo]. Therefore l"^ chi{A^) < and l"^ chi(A2) > 0. Hence 

021^ = 2^ch2(A) = -e'^ chi{^{A)) = -l^ chiiA^) + 1'^ chi{A^) < 0. 
So 



9 Z{^{E)) = 9 Z{A) = -^{a2 - ai) < 
as required. 



D 



Proposition 6.6. (I) Let E £ T' . Then we have the following: 

(^) ^8oh(X)(^l(^)) = 0' ^^d (ii) if^liE) / then'^Z{^l{E)) > 0. 
(II) Let E £ T' . Then we have the following: 

(^) HcoHX)('^UE)) = 0, and (%i) if^%{E) / then^ Z{^%{E)) < 0. 

Proof (I) Let E e V . 

(i) Similar to the proof of (i) in Proposition 16.41 

(ii) From (i), we have "^"^(E) = A[l] for some coherent sheaf 7^ A G HN(— 00, g]- 
Let ch(^) = (ao, ai, 02, 03). Then ch(L^^yl) = (oq, ai — ao,a2 — 2ai + oq, *) and 
so oi — oo < 0. 

Apply the FMT ^ to ^|(-E). Since ^^E) G V^iO), ^^^|(S) G B has Coh(X)- 
cohomologies: 

• [L^^Ay in position —1, and 

• (L~^j4)^ in position 0. 

So we have L-^A G V(*h(x)(l' 2), by Corollary [US] (L^^A)! G HN(-oo,0], and 
by Proposition [3T7](L-M)2 g HN[0,+oo]. Therefore l"^ chi{{L-'^Ay) < and 
fdii{{L-^Af) > 0. Hence 

(02 - 2ai + ao)e^ = 2ech2{L-^A) = -l^ chi(^{L-^A)) 

= -f chi{{L-^Af) + e chi((L-i^)i) < 0. 

So we have 

9 Z(^|(i?)) = 9 Z(41]) = ^(ai - a2) 

= ^((01 ~ «o) + (02 - 2ai + ao)) > 

as required. 
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(II) Let EeF'. 

(i) Similar to the proof of (i) in Proposition 16.51 
(ii) From (i), we have ^^(-E) = A for some / ^ G HN(i, +oo]. 
Consider the convergence of the spectral sequence: 

for E. Let Ei := Hi^^^^^.^{E) . Then by Note ESI E^i G HN(-oo,0] and so by 
Corollarv 14. 151 and Proposition 14.81 we have 

LE\^ e HN(-oo, 1], and LE^ E HN(-oo, 1]. 

Therefore from the convergence of the above spectral sequence for E, we have 

A G HN(^, +oo] n HN(-oo, 1] = HN(^, 1]. 

Also A is reflexive, as LEq and LE^-^ are reflexive sheaves by Propositions 14.51 
and 14.91 Let ch(74) = (aoj oij ^2) os)- Then from the B-G inequalities for all the 
H-N semistable factors of ^, we have 

^Z{^%{E)) =QZ{A) = ^(a2 - ai) < 0. 

Equality holds when A G HN[1] with ch.{A) = (oq, ao,ao, *). Then, by considering 
a Jordan-Holder filtration for A together with Theorem 15. 11 L~^A has a filtration 
of ideal sheaves ^x^Zi of some 0-subschemes. Here ^g(ii^) = A G Vg(2) implies 
L~^A G yQo^(x) (2' 3)- ^^ easy induction on the rank of A also shows that L~^A G 
Vq^^(j^JI,3) and so L~^A G ^coUX)^'^^ ^^^ then we have Zi = % for all i. 
Therefore ^g^g(£') G Coh (X). Now consider the convergence of the Spectral 
Sequence 16.11 for E. Then we have ;S-SES 

-^ i!%^l{E) -^ i|^B(-E) ^ F ^ 0, 

where F is a subobject of {-1)*E and so F G J"'. Then ^|^g(F) G Coh°(X) C 
V which implies F = and l'^*^(F) ^ l'|^^(F). But then we have *^(F) ^ 
(-l)*^o^o^^(F) = 0. This is not possible as ^g(F) / 0. Therefore we have 
the strict inequality 9Z(^^(F)) < as required to complete the proof. 

D 

Lemma 6.7. (I) Let F G T'. Then (i) ^|(F) = 0, and (ii) ^|(F) = 0. 
(II) Let E eF'. Then (i) \f^(F) = 0, and (ii) ^%{E) = 0. 

Proof. (I) Let EeT. 

(i) From the convergence of the Spectral Sequence 16.11 for F, we have the ;B-SES 

^ Q ^ ^B*|(^) -^ ^I^b(^) -^ 0- 
Here Q is a quotient of (-1)*F G V and so Q G V. 
Then *^^|(F) fits into the ^-SES 

^ T ^ ^%%{E) -^ F -^0 

for some T G 7"' and F G F' . Now apply the FMT ^ and consider the LES of 
B cohomologies. Then we have ^g(r) = 0, %{T) = l'^(F). By Proposition 
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[63]9Z(I'0(F)) < and by Proposition [63] 9 Z(^|(r)) > 0. So 9Z(^(r)) > 
and by Proposition 16.21 9 Z(T) < 0. Since T G T' , we have QZ{T) = and 
a;^chf(T) = 0. Then by Lemma T ^ Tq for some Tq e Coh°(X). But 
Coh°(X) C Vg*(0). Hence T = and so Q = 0. Then ^g^|(S) = ^|^b(-E) and 
so we have ^"^(E) = (-l)*l'|^|l'g(£;) = as required. 
(ii) Similar to the proof of (i) . 
(II) Similar to the proofs in (I). 

D 

Corollary 6.8. Let EeB. Then 

(i)^l{E),i!l{E)(^r, and 
(ti)^%{E),i>%{E)eF'. 

Proof. (i) By the torsion theory ^|(-E) fits into ^-SES 

for some T & T' and F £ J^' . Now apply the FMT ^ and consider the LES of B- 
cohomologies. Then by Lemma 16.71 i^ = as required. 
Similarly one can prove "^"^(E) £ T' ■ 
(ii) Similar to the proofs in (i). 

D 

Proposition 6.9. (I) Let E G P. Then (i) ^]^{E) G P, and (ii) ^]^{E) G P. 
(II) Let EeV. Then (i) ^^(F) G V, and (ii) %{E) G V. 

Proof. (I) (i) By the torsion theory ^q{E) fits into S-SES 

^ T ^ %{E) -^ F -fQ 

for some T € P and F £ P . Now we need to show T = 0. Apply the FMT 
^ and consider the LES of ;B-cohomologies. We get *g(r) >-;> ^^^^{E) and 
T G V^{1). Also by the convergence of the Spectral Sequence [6T] for E, ^g^g(£') 
is a subobject of {-1)*E. Hence ^^(T) G P implies 9=Z(*^(r)) < 0. On the 
other hand by Proposition [Ol 3=Z(^^(r)) = QZ{T) > as T G T'. Hence 
3= Z(T) = and T G r' implies uj"^ chf (T) = 0. So by LemmadH T = Tq for some 
To G Coh°(X). Since any object from Coh°(X) belongs to Vg*(0), ^^(T) = 0. So 
T = as required, 
(ii) Similar to the proof of (i) . 
(II) Similar to the proofs in (I). 

D 

By Lemma 16.71 Corollary 16.81 and Proposition 16.91 we have 

^[1] {P[l]) C A, and *[1] (r') C A. 

Since A = {P[1],T'), ^[1] (A) C A. 

Similarly we have !'[!] (A) C A. The isomorphisms ^[1] o xj/[l] ^ (-1)* idijb(^x) and *[1] o 
^[1] ^ (-1)* idjjbi^x) give us the following 
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Theorem 6.10. The FMTs ^[1] and ^[1] give the auto- equivalences 

*[1] (A) = A, and ^[1] (A) = A 
of the ahelian category A. 
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